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T
he use of nanocrystals in biological
imaging,1�3 solar energy conversion,4�7

light-emitting devices,8�10 and other
applications requires the synthesis of parti-
cles with accurately defined sizes and nar-
row particle size distributions. In a typical
nanoparticle synthesis, a large number of
nuclei crystallize at early stages of the syn-
thesis from “monomers” which are rapidly
released, for instance, by the thermal de-
composition of a precursor swiftly injected
into the hot solution (“burst nucleation”).11�21

The nuclei subsequently grow by consum-
ing remaining monomers in solution, there-
by further decreasing the monomer con-
centration.22 At sufficiently low monomer
concentration, the smaller particles of the
size distribution start to release monomers
into the solution provided that the particles
consist of a material which is at least slightly
soluble in the solvent. The larger particles

consume the released monomers and
thereby increase in size, whereas the smaller
particles decrease in size and finally dissolve
completely. Under these conditions, the con-
centration of monomers ultimately becomes
quasi-stationary; that is, the concentration
decreases only very slowly with time, asymp-
totically approaching the equilibrium value
observed over a precipitate of the bulk solid.
This growth stage called Ostwald ripening23

can be mathematically described within the
frameworkof LSWtheorynamedafter Lifshitz,
Slyozov, and Wagner.24,25 Ostwald ripening
results in a broad particle size distribution
containing a small fraction of particles which
are close to complete dissolution. Since the
size distribution always extends to particle
size 0 while the mean particle size constantly
increases during Ostwald ripening, the poly-
dispersity of the sample also increases with
time.
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ABSTRACT

We have studied the Ostwald ripening of colloids containing nanocrystals of two different crystal phases of the same material. Ostwald ripening in such

polymorphic systems is shown to result in an intrinsic focusing of the particle size distribution of the thermodynamically preferred phase while the particles

of the less stable phase completely dissolve. Experimentally, a colloidal system of this kind was realized by mixing small NaEuF4 nanocrystals of the cubicR-

phase with particles of the hexagonal β-phase having the same mean size and size distribution. The temporal evolution of the particle sizes of both phases

can be understood and numerically simulated within the framework of LSW theory. The simulations show that small differences in the bulk solubility or the

surface energy of the two phases are sufficient to explain the experimentally observed narrowing of the particle size distribution.
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Ostwald ripening can be avoided if a high concen-
tration of monomers can somehow be maintained in
solution (supersaturation of monomers). Wey and
Strong26 experimentally observed a narrowing of the
particle size distribution when new monomers were
added to a suspension of micrometer-sized (0.1�
0.9 μm) AgBr crystals. Sugimoto27 has shown theoretically
that in the case of supersaturation of monomers and a
diffusion-limited reaction between monomer and the
particle surface smaller particles grow faster than larger
ones resulting in a narrowing of the size distribution.
Peng et al.21 could convincingly show for CdSe and
InAs nanocrystals that narrowing (“focusing”) of the
nanoparticle size distribution takes place upon injec-
tion of additional monomer precursor during growth.
Sugimoto also discussed methods for keeping the
monomer concentration high without the risk of ex-
ceeding the critical monomer concentration where
nucleation of new particles begins. One option is the
addition of a substance that can serve as a homoge-
neously dispersed reservoir of monomers in solution,
that is, a precursor that releases monomers with a rate
appropriate to maintain supersaturation conditions.
While some experimental examples are already men-
tioned in the work by Sugimoto, only recently in-depth
studies on the kinetics of precursor conversion to
monomers have been performed for colloidal nano-
materials.19,28�33 Clarke et al.34 were able to derive an
analytical expression for the degree of size focusing
expected for a given production rate of monomers in
the solution. They also compared their theoretical
results with experimental data of CdSe nanocrystals
and found very good agreement. Dagtepe et al.35 have
theoretically investigated the Ostwald ripening of
bimodal size distributions, that is, the special case
where the monomer precursor consists of very small
particles of the same material as the growing nano-
crystals. If the two particle fractions of the bimodal
distribution are sufficiently well-separated in size, the
dissolution rate of the smaller particles is high enough
to achieve supersaturation conditions for the larger
particles and a narrow size distribution is obtained.
Experimentally, this method has recently been used to
grow the shell of core�shell particles.36

Another interesting case are nanomaterials which
crystallize in two or more different polymorphs. Well-
known examples, among many others, are TiO2 and
several II�VI semiconductors. CdSe and CdS, for in-
stance, can be prepared either in the cubic zinc blende
phase37,38 or in the hexagonal wurtzite phase,17 whereas
TiO2 nanocrystals have been synthesized in the anatase

40

as well as in the rutile structure.39 Depending on the
synthesis conditions, polymorphic materials can follow
Ostwald's step rule40 stating that not the most stable
but the least stable polymorph crystallizes first. This
behavior has recently been discussed for II�VI quan-
tum dots like CdSe.37

Another class of nanomaterials forming two differ-
ent polymorphs are NaREF4 nanocrystals (RE = rare
earth), which can crystallize either in the cubicR-phase
or in the hexagonal β-phase. Currently, nanoparticles
of these materials are being thoroughly investigated
owing to the distinct optical and magnetic properties
of many rare-earth ions and the low phonon energies
of the crystal lattices.41�46 For several rare-earth ions,
the oleic-acid-based synthesis of the NaREF4 nanopar-
ticles can be controlled in such a way that small nano-
crystals of the less stable cubic R-phase are formed at
early stages of the synthesis which subsequently con-
vert to particles of the thermodynamically most stable
β-phase.47�52 The procedure yields very narrow parti-
cle size distributions without the injection of additional
monomer or monomer precursor during the synthesis.
Recent work has shown that the particles nevertheless
grow by the exchange of monomers.53�59 This indicates
that Ostwald ripening of a colloid containing two
polymorphs of the same nanomaterial can lead to an
intrinsic focusing of the particle size distribution. We
have therefore studied the Ostwald ripening of such
binary systems both experimentally for the case of
NaEuF4 nanocrystals and theoretically within the fra-
mework of LSW theory. The results show that narrow
particle size distributions can be achieved even if both
phases display the same initial particle size distribution
and no molecular precursors are added.

RESULTS AND DISCUSSION

Small nanoparticles (precursor particles) of the cubic
R-phase (Figure 1a) and the hexagonal β-phase
(Figure 1d) were prepared separately as starting mate-
rials for the synthesis of monodispersed β-NaEuF4
nanocrystals. NaEuF4 was chosen because small parti-
cles with narrow size distribution can be prepared in
the hexagonal β-phase as well as in the cubic R-
phase.56 The small nanoparticles were washed several
times after synthesis before they were redispersed in
blank oleic acid/octadecene solvent. Heating of the
resulting colloidal solutions to 320 �C results inOstwald
ripening of the particles as shown earlier by TEM
investigations, EPR measurements, and luminescence
spectroscopy.36,47,54�56 If pure R-phase precursor par-
ticles are heated, the particles grow to about 12 nm
before the first nanocrystals of the thermodynamically
more stable β-phase can be observed in solution. In the
presence of these particles, rapid dissolution of the
R-phase particles occurs accompanied by fast growth
of the β-phase particles. The final product consists of
β-phase nanocrystals with very narrow particle size
distribution.56

The TEM images in Figure 1 show that nearly mono-
dispersed nanocrystals of the β-phase are also ob-
tained when mixtures of R-phase and β-phase pre-
cursor particles are heated in oleic acid/octadecene
solvent. The final particle size of the β-phase product
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depends on the ratio ofR-phase andβ-phase precursor
particles employed. Figure 1b,c displays the product
particles obtained after heating a 9:1 and 99:1 mixture
at 320 �C for 15 and 25 min, respectively. The corre-
sponding X-ray powder diffraction data (see Support-
ing Information) show that both samples consist of
pure β-phase material. The consumption of the
R-phase material is therefore significantly faster than
in our previous work where β-phase particles were not
initially present in the colloidal solution.56 This indi-
cates that themonomers released by theR-phase have
now already been consumed by the β-phase particles
initially present in the mixture and not by β-phase
particles which form newly after prolonged Ostwald
ripening of the R-phase (as in our previous work).
For comparison, the size distribution resulting when

β-phase precursor particles are heated alone is also
given in Figure 1e. Only in this case, the particle growth
results in the broad size distribution expected for
Ostwald ripening (Figure 1f). The histograms in
Figure 1f show that the standard deviation of the
particle diameter increases from σ = (0.4 nm for the
precursor particles to σ = (0.45 nm and σ = (0.6 nm
for the product particles in Figure 1b,c, respectively,
whereas the σ/Æræ values decrease from 10 to 7 and 3%.
The use of small particles as startingmaterial has the

advantage that the final product is solely formed by

growth processes. This greatly simplifies the theoreti-
cal description of the temporal evolution of the particle
size distributions because the nucleation of par-
ticles needs not to be taken into account. In order to
numerically calculate the Ostwald ripening behavior of
our colloidal mixtures of two polymorphs within the
framework of LSW theory, we started from an expres-
sion developed by Talapin et al. to treat the Ostwald
ripening of particles with very small size. According to
Talapin et al., the growth rate of a particle with radius r0

is given by60

dr0

dt0
¼ VmDc

eq
¥

c

ceq¥
� exp

2γVm
r0RT

� �

r0 þ D

k¥
exp R

2γVm
r0RT

� �
8>><
>>:

9>>=
>>; (1)

where Vm, γ, and c¥
eq are the molar volume, the surface

tension, and the solubility of the bulk solid (r0 f ¥),
respectively; c is the monomer concentration in (the
bulk of the) solution,D is the diffusion coefficient of the
monomer, k¥ is the (first-order) rate constant for the
growth reaction betweenmonomer and bulk solid,R is
the transfer coefficient, T is the absolute temperature,
and R is the gas constant. Similar to LSW theory, the
derivation of eq 1 is based on the Gibbs�Thomson
equation but remains valid for nanocrystals of small
size because the Gibbs�Thomson equation is not

Figure 1. TEM images of NaEuF4 nanocrystals. (a) Cubic phase starting material (R-phase precursor particles), (b) product
particles (β-NaEuF4) obtained from a 9:1 mixture of R-phase and β-phase precursor particles, (c) product particles (β-NaEuF4)
obtained from a 99:1 mixture of R-phase and β-phase precursor particles, (d) hexagonal phase starting material (β-phase
precursor particles), (e) product particles (β-NaEuF4) obtained from pure β-phase precursor particles. (f) Histograms of the
particle size distribution as derived from the TEM images. Left: (a) (gray) and (d) (light gray). Right: (b) (gray), (c) (black), and
(e) (light gray).
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developed into a Taylor series and truncated after the
linear term. When the latter approximation is applied
to the exponential terms in eq 1, however, the corre-
sponding growth law of the LSW theory is obtained60

(see also Supporting Information for details).
Since our colloids contain two polymorphs of the

same material, we used two expressions analogous to
eq 1, one for the growth rate of the R-phase particle
with radius r0 = r0R, molar volume V = VR, surface
tension γ = γR, and bulk solubility ¥cR

eq and the second
for the growth rate of the β-phase particles with radius
r0 = r0β, molar volume V= Vβ, surface tension γ = γβ, and
bulk solubility ¥cβ

eq. To simplify the two expressions, we
first define, analogous to ref 60, the capillary length L

and the parameters τ and K by

L ¼ 2γRV
m
R

RT
τ ¼ 4γR

2 Vm
R

R2T2D ¥ceqR
K ¼ 1

L

D

k¥

� �
(2)

The dimensionless parameter K defines the type of
reaction control, that is, K f 0 for a purely diffusion-
limited reaction between the monomers and the par-
ticles and K f ¥ for a purely reaction-limited process.
The parameter τ has the dimension of time. Note that L,
τ, and K are chosen to depend onmaterial constants of
the R-phase only. For simplicity, the rate constant k¥ is
assumed to be independent of the crystal phase.
We now introduce the dimensionless radii rR and rβ
for R-phase and β-phase particles, respectively, and
the dimensionless time t by

rR ¼ 1
L
rR
0 rβ ¼ 1

L
rβ
0 t ¼ 1

τ
t0 (3)

Furthermore, the supersaturation S of monomer in
solution is defined by S = c/c¥

eq. Since the R-phase and
the β-phase of a bulk solid will in general have different
solubility c¥

eq, the same monomer concentration c in
solution leads to different supersaturation conditions
for the two phases. The supersaturation of monomer
with respect to the R- and the β-phase is therefore
given by

SR ¼ c
¥
ceqR

Sβ ¼ c
¥
ceqβ

(4)

where ¥cR
eq and ¥cβ

eq are the bulk solubility of the
R-phase and the β-phase, respectively. Inserting ex-
pressions 2, 3, and 4 into eq 1 yields the following
expressions for the growth rate of one particle of the
R-phase and the β-phase

drR
dt

¼
SR � exp

1
rR

� �

rR þ K exp
R
rR

� � (5a)

drβ
dt

¼ μ
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η
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 ! (5b)

where

η ¼ γβV
m
β
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m
R
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¥
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β
¥
ceqR Vm

R
Sβ ¼

¥
ceqR

¥
ceqβ
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Note that the difference of the two growth rates is
mainly determined by ratios of the materials para-
meters, that is, the ratio of the bulk solubilities
¥cβ

eq/¥cR
eq, the ratio of the surface energies γβ/γR, and

the ratio of the densities ormolar volumes Fβ/FR= Vβ
m/

VR
m. The latter ratio can be expected to be very close to

1 because the densities of two phases of the same
material usually differ only by a few percent. For the
cubic R-phase (ICSD no. 77100) and the hexagonal
β-phase (ICSD no. 51916) of NaYF4, for instance, the
value is Vβ

m/VR
m = 0.95.

The values for the bulk solubilities and the surface
tensions had to be estimated because no reliable data
exist for the two phases of NaEuF4 in octadecene/oleic
acid solvent at 320 �C.We have chosen values similar to
those for CaF2 in water (i.e., ¥ceq = 0.2 mmol/L and γ =
0.15 J/m2) as given in Table 1.61,62 Values for the mean
particle size and the standard deviation of the initial
size distributions were deduced from the TEM images
(Figure 1) and were found to be similar in the case of
R- and β-phase precursor particles. For simplicity, we
therefore assumed the same Gaussian shape for the
initial size distribution of both phases (Table 1). The value
of the diffusion coefficient was assumed to be D = 10�10

m2/s, in accord with the Stokes�Einstein relation.63

The temporal evolution of the size distribution (i.e.,
the distribution of particle radii) was now evaluated for
both phases by numerical integration of the growth
rates of all particle sizes within each distribution. The
numerical procedure is based on the population bal-
ance method and the Runge�Kutta fourth-order algo-
rithm, as already employed by other groups for the
numerical simulation of nanoparticle growth.64,65

TABLE 1. Values of the Parameters Used in the Numerical

Calculation of Diffusion-Limited or Reaction-Limited

Ostwald Ripening

parameter symbol value

diffusion coefficient of monomer D 10�10 m2/s
type of reaction control K 10�5 or 105

transfer coefficient R 0.5
unit volume (colloidal solution) Vsol 10�12 L
temperature T 593 K
initial monomer supersaturation S0 0

R-phase β-phase

molar volume of solid Vm 0.048 L/mol 0.046 L/mol
initial mean particle radius Ær0æ 1.5 nm 1.5 nm
initial standard deviation of the
particle size distribution

σ0/Ær0æ 10% 10%
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Since the Ostwald ripening of colloids containing
nanoparticles of only one phase has already been
treated in the literature, the numerical results for the
growth of β-phase particles in the absence of R-phase
particles (as given in the TEM images in Figure 1d,e) are
only given in the Supporting Information for comparison.
We have used these results, however, to verify that our
algorithm for the numerical integration works flawlessly.
Since the value of the rate constant k¥ is not known,

we calculated the temporal evolution of the size dis-
tributions for purely diffusion-limited conditions and
purely reaction-limited conditions as the two limiting
cases. Figure 2 displays the results for the diffusion-
limited case (K= 0.00001) and a colloid initially contain-
ing R-phase and β-phase particles in a mass ratio of
99:1. The bulk solubility of the two phases is assumed
to be slightly different (¥cR

eq = 0.2 mmol/L, ¥cβ
eq =

0.1 mmol/L), whereas the surface tension is assumed
to be the same (γR = γβ = 0.15 J/m2). The upper part of
the figure displays the temporal evolution of the
β-phase particles showing a strong narrowing of the
size distribution. In contrast to the β-phase, the evolu-
tion of the R-phase is characterized by a broadening of
the particle size distribution. The particles first grow in
size (left-hand side of the figure) and then decrease in
size before they completely dissolve (right-hand side
of the figure). Note that all distribution curves have
been normalized in height. Without normalization, the

height of the curves in the lower part of the image
rapidly decreases with time due to the decreasing
number of R-phase particles in the system (see below).
The different growth stages are easier to distinguish

by comparing the temporal evolution of the mean
particle size of each phase with the so-called critical
radius. The critical radius defines the particle size
with growth rate 0, that is, the particle size being in
equilibrium with the monomer concentration in
solution. Particles with radius smaller than the criti-
cal radius release monomers into solution and de-
crease in size, whereas particles with a radius larger
than the critical radius grow by consuming mono-
mers. Setting the growth rates given by eqs 5a and
5b equal to 0 yields the following expressions for the
dimensionless critical radius of the R-phase and the
β-phase

rcrR ¼ 1
ln(SR)

rcrβ ¼ η

ln(Sβ)
(6)

Note that supersaturation values SR or Sβ of less than
1 are obtained formonomer concentrations lower than
¥cR

eq or ¥cβ
eq, respectively (eq 4). If the concentration of

monomers is that small, all particle sizes including the
bulk solid will release monomers into the solution. In
this case, no particle size is in equilibrium with the
monomer, and therefore, no critical radius exists. Equa-
tion 6 is therefore only valid for supersaturation values

Figure 2. Numerical simulation of the evolution of the particle size distributions for a 99:1 mixture of R-phase and β-phase
precursor particles (diffusion-limited case, ¥cR

eq = 0.2mol/m3, ¥cβ
eq = 0.1mol/m3, and γR = γβ= 0.15 J/m2). Top: Evolution of the

β-phase particles (growth stages 2 and 3). Bottom: Evolution of the R-phase particles during growth stage 2 (left) and growth
stage 3 (right). For both phases, changes occurring during the first growth stage are within the line width of the first particle
size distribution. The arrows indicate the course of time. All distribution curves are normalized in height. Initial distribution
curves (t = 0) are given in black. Gray distribution curves correspond to the last size distribution of growth stage 3 before the
R-phase completely dissolves.

A
RTIC

LE



VOSS AND HAASE VOL. 7 ’ NO. 12 ’ 11242–11254 ’ 2013

www.acsnano.org

11247

larger than 1 and yields meaningless negative values if
SR or Sβ is smaller than 1.
The critical radius can be used to identify four

different growth stages of our colloids, as shown in
Figure 3. The figure displays numerical results for the
temporal evolution of the mean radius, critical radius,
supersaturation, and the width of the size distribution
for both phases of the 99:1 mixture under diffusion-
limited conditions (¥cR

eq = 0.2mmol/L, ¥cβ
eq = 0.1mmol/L,

γR = γβ = 0.15 J/m2 as in Figure 2). The four growth
stages are separated in the figure by vertical lines.
During the first stage, the precursor particles of both

phases release monomers because the particles are
dispersed in blank solvent containing nomonomer. As
long as the monomer concentration is sufficiently low,
the critical radius of both phases is larger than the
mean particle size (Figure 3a,b). Depending on the
concentration, surface tension, and bulk solubility of
the two phases, the release of monomers decreases
the size of the precursor particles. In our case, the
decrease in size is small because the particle concen-
tration is high and the bulk solubility as well as the
surface tension are assumed to be small. If higher
values for the surface tension are used in the simula-
tion, however, a significant fraction of the particles of
both phases not only decrease in size but also dissolve
completely. This is shown in the Supporting Informa-
tion for the case that γR = γβ = 0.5 J/m2.
With increasing monomer concentration in solution

and, hence, increasing supersaturation SR and Sβ, the

critical radii rR
cr and rβ

cr decrease and eventually enter
the particle size range of each phase. At this point, the
second stage of particle growth begins. Since our
colloidal mixture initially contains only 1% of β-phase
particles, themonomer concentration at the beginning
of the second stage is mainly determined by the
properties of the R-phase. Figure 3 shows that the
critical radius rR

cr approaches a value very close to the
mean particle radius of the R-phase. Particles with a
size below rR

cr therefore decrease in size, whereas the
larger particles consume monomers and grow. The
growth behavior of the R-phase is therefore similar to
Ostwald ripening of a colloid containing only particles
of one phase. In contrast to classic Ostwald ripening,
however, the supersaturation is not quasi-stationary, and
the ratio of the mean radius and the critical radius is not
exactly equal to 1 in the diffusion-limited case (or exactly
equal to 8/9 in the reaction-limited case as discussed
below). The growth of theR-phase particles during stage
2 may therefore be called pseudo-Ostwald ripening.
The β-phase particles behave differently because

the lower bulk solubility of the β-phase results in a
higher value Sβ for the supersaturation compared to
the value of SR. During stage 2, the high monomer
concentration caused by the high content of better
soluble R-phase particles results in a supersaturation
value Sβ so high that the critical radius rβ

cr becomes
smaller than the radius of all particles of the β-phase
size distribution (Figure 3). Consequently, all particles
of the β-phase continuously grow during the second

Figure 3. Numerical simulation of the temporal evolution of a 99:1 mixture of R-phase and β-phase precursor particles
(diffusion-limited case, ¥cR

eq = 0.2 mol/m3, ¥cβ
eq = 0.1 mol/m3, and γR = γβ = 0.15 J/m2). Top left: Mean particle radius Æræ (solid

line) and critical radius rR
cr (broken line) of the R-phase. Top right: Mean particle radius Æræ (solid line) and the critical radius rβ

cr

(broken line) of the β-phase. Bottom left: Evolution of themonomer concentration c in solution given as supersaturation SR =
c/¥cR

eq (blue line) and supersaturation Sβ= c/¥cβ
eq (red line). Bottom right: Standarddeviationσ/Æræof the size distribution of the

R-phase (blue line) and β-phase particles (red line).Vertical lines separate the four growth stages.
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growth stage. Figure 4 shows that this finally leads to
an increase of the molar fraction of β-phase particles
because at the same time the smaller particles of the
R-phase release monomer and decrease in size. The
increasing molar fraction of β-phase particles during
growth stage 2 leads to a lower monomer concentration
in solution because of the lower solubility of the β-phase.
Moreover, the increasing size of the growing β-phase
particles further decreases the release of monomers due
to the Gibbs�Thomson effect. The decreasing monomer
concentration results in decreasing values for SR and Sβ
and increasing values for the critical radii rR

cr and rβ
cr at the

end of the second growth stage (Figure 3). Finally, the
value of the critical radius rR

cr becomes again larger than
the largest particles of the R-phase distribution whereas
the increasingvalueof thecritical radius rβ

cr approaches the
size range of the β-phase size distribution.
This is the beginning of growth stage 3, where all

particles of the R-phase decrease in size and finally
dissolve because their radii are smaller than the critical
radius rR

cr. The monomer thereby released is mainly
consumed by the β-phase particles. Since the number
of β-phase particles still remains constant, the increase
of the particle size from the precursor particles to the
final β-phase product is mainly determined by the
initial molar ratio of the R-phase to the β-phase
(compare also Figure 1a with Figure 1b,c). The latter
does not change very much when the surface tension
of both phases is increased to γR = γβ = 0.5 J/m2 (see
above), causing 20% of the β-particles to dissolve
during the first growth stage. In this case, all monomer
released is consumed by the remaining 80% of β-phase
particles, but this reduced number of particles increases
the final particle size only by additional 8% (0.8(�1/3)).
The narrow particle size distribution shown in

Figures 2 and 3 for the β-phase is not limited to the
value of γR = γβ = 0.15 J/m2 for the surface tension.
Strong focusing is also observed, for instance, when
the surface tension of both phases is increased to γR =
γβ = 0.5 J/m2 or decreased to γR = γβ = 0.05 J/m2

(see Supporting Information for figures analogous to
Figures 2 and 3).

At the end of the third growth stage, the colloid
contains only β-phase particles and a low concentra-
tion of monomers. The low monomer concentration
causes the critical radius rβ

cr of the β-phase to finally
lie within the narrow particle size distribution of the
β-phase (Figure 3). Heating of the reaction mixture
should then be stopped because otherwise Ostwald
ripening of the β-phase particles sets in, causing a
broadening of the size distribution. In the numerical
simulation (Figure 3), this fourth growth stage is in-
cluded, displaying the characteristic features of Ost-
wald ripening of a colloid containing particles of one
crystal phase only. In accord with LSW theory and the
assumed diffusion-limited growth, the critical radius
becomes identical to the mean radius and the relative
standard deviation σ/Æræ of the size distribution slowly
approaches the asymptotic value of 21.5%.
Figure 3 shows that the narrow particle size distribu-

tion of the β-phase develops mainly during the second
growth stage. During this stage, the β-phase particles
grow under supersaturation conditions which persist
for a long time due to the high content of R-phase
particles in the reaction mixture. During this time, the
critical radius rβ

cr is significantly smaller than the mean
radius of the β-phase. This is the classic condition for
focusing in the diffusion-limited case.27 In fact, very strong
focusing is observed in our case although the bulk
solubility of the two phases is not very different (¥cR

eq =
0.2mmol/L,¥cβ

eq= 0.1mmol/L). The focusing is less strong
but still pronounced (σ/Æræ = 3%) for the 9:1 mixture of
R-phase andβ-phase particleswhere supersaturation con-
ditionspersist for a shorter periodof time (see Supporting
Information for figures analogous to Figures 2 and 3).
Narrow size distributions of the β-phase are not only

obtained when the bulk solubility of the two phases is
different but also when the surface tensions are not
identical. When the temporal evolution of the 99:1 and
the9:1mixture is calculatedwith the valuesγR=0.25 J/m

2,
γβ = 0.15 J/m2, and ¥cR

eq = ¥cβ
eq = 0.1mmol/L, for instance,

almost the same small σ/Æræ values are obtained as in the
case of the different solubilities (¥cR

eq = 0.2mmol/L, ¥cβ
eq =

0.1 mmol/L, and γR = γβ = 0.15 J/m2) (see Supporting

Figure 4. Numerical simulation of the temporal evolution of a 99:1 mixture of R-phase (blue lines) and β-phase precursor
particles (red lines) (diffusion-limited case, ¥cR

eq = 0.2 mol/m3, ¥cβ
eq = 0.1 mol/m3, and γR = γβ = 0.15 J/m2). Evolution of the

number of particles (left) and the mole fraction of the two phases (right).
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Information for figures analogous to Figures 2 and 3).
Different surface tensions also cause focusing of the
final size distribution because the rβ values in eq 5b are
all divided by the same factor η (with the exception of
one rβ in the denominator). This factor η, however,
contains the ratio of the surface tensions of the two
phases (see above) and is therefore not close to 1 if the
surface tensions are significantly different. In this case,
the factor η increases or decreases all radii rβ of the
β-phase in eq 5b, whereas the radii rR of theR-phase in
eq 5a are not affected. The consequence is that the
mixture of R-phase and β-phase particles behaves math-
ematically like a colloid with bimodal size distribution
although the real size distributions of the two phases are
identical. The Ostwald ripening of bimodal size distribu-
tions, however, also leads to focusing as already shown
theoretically by Chikan andDagtepe (see introduction).35

While the numerical results discussed so far success-
fully explain the narrow particle size distribution of the
product, they fail to correctly reproduce the experi-
mentally observed reaction times. When the values
summarized in Table 1 are inserted in the expression
given above for the parameter τ, synthesis times of less
than 1 s are the result. In principle, this problem could
be solved by reducing the bulk solubilities ¥cR

eq and
¥cβ

eq by 3�5 orders of magnitude while keeping the
ratio ¥cR

eq/¥cβ
eq constant. This would result in the same

growth behavior but much larger reaction times since
the parameter τ increases inversely proportionally to

¥cR
eq (see eq 2), whereas the growth rates of the two

phases areonly affectedby the ratio¥cR
eq/¥cβ

eq (seeeq5). A
similar dependency on the bulk solubility ¥ceq of the solid
exists for classic Ostwald ripening of a single phase, where
the growth rate of the mean radius increases proportion-
ally to (D ¥ceq)1/3 under diffusion-limited conditions
(Wagner, equation VII.20) and proportionally to (k ¥ceq)1/2

under reaction-limited conditions (Wagner, equation
VIII.20). The assumption of bulk solubilities in the nanomo-
lar regime, however, appears questionable. Moreover, the
histograms in Figure 1f show that the standarddeviationof
the particle diameter increases from σ = (0.4 nm for the
precursor particles toσ=(0.6 nm for the product particles
in Figure 1c. Since the standard deviation σ does not
decrease during growth, the observed particle size distri-
butions can also result from reaction-limited particle
growth. Recent work on semiconductor nanoparticles, in
fact, indicates that the particles grow under reaction-
limited conditions.63,65

We have therefore repeated the numerical calcula-
tions for the reaction-limited case (assuming K =
100 000). The numerical results for the 99:1 mixture
of R-phase and β-phase precursor particles are dis-
played in Figures 5 and 6. The parameters used in the
calculation are summarized in Table 1. The figures,
which are analogous to Figures 2 and 3, show that
narrow particle size distributions are obtained again
when the bulk solubility of the β-phase is smaller than
the bulk solubility of the R-phase. Compared to the

Figure 5. Numerical simulation of the evolution of the particle size distributions for a 99:1 mixture of R-phase and β-phase
precursor particles (reaction-limited case, ¥cR

eq = 0.5mol/m3, ¥cβ
eq = 0.1mol/m3, and γR = γβ = 0.05 J/m2). Top: Evolution of the

β-phaseparticles (growth stages 2 and3). Bottom: Evolutionof theR-phaseparticles duringgrowth stage2 (left) andgrowth stage
3 (right). For both phases, changes occurring during the first growth stage are within the line width of the first particle size distri-
bution.Thearrows indicate thecourseof time.Alldistributioncurvesarenormalized inheight. Initialdistributioncurves (t=0) aregiven
in black. Gray distribution curves correspond to the last size distribution of growth stage 3 before the R-phase completely dissolves.
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diffusion-limited case, however, the difference of the
bulk solubilities has to be larger to obtain σ/Æræ values in
accord with the TEM images in Figure 1. Figure 5 shows
that a σ/Æræ value of 2.9% is obtained for the size
distribution of the β-phase when values of ¥cR

eq =
0.5 mmol/L, ¥cβ

eq = 0.1 mmol/L, and γR = γβ = 0.05 J/m2

are used in the numerical calculation. The same values
yield a σ/Æræ value of 5.9% in the case of the 9:1 mixture
(see Supporting Information for figures analogous to
Figures 5 and 6). As in the diffusion-limited case,
narrow size distributions of the β-phase are also ob-
tained when the surface tensions are not identical.
When the temporal evolution of the 99:1 and the 9:1
mixture is calculated with the values γR = 0.25 J/m2,
γβ = 0.05 J/m2, and ¥cR

eq = ¥cβ
eq = 0.1 mmol/L, for

instance, almost the same σ/Æræ values as in the
case of the different solubilities are obtained (see
Supporting Information for figures analogous to
Figures 5 and 6). The figures show that during reaction-
limited growth only the σ/Æræ value of the size distribu-
tion of the β-phase decreases but not the standard
deviation σ itself. In accord with the results of LSW
theory for reaction-limited Ostwald ripening, the ratio
of the critical particle radius and the mean particle
radius has a value of 8/9 during the fourth growth stage
and the relative standard deviation σ/Æræ of the size
distribution approaches an asymptotic value of 35.3%.
The growth conditions are predominantly reac-

tion-limited if the parameter K exceeds values of

approximately K = 1000. Higher values for K only
weakly affect the calculated size distributions but still
have a strong influence on the calculated reaction
times. The calculated reaction time can therefore be
easily shifted to the experimentally observed values by
choosing appropriate values for K and/or for the bulk
solubilities. In the Supporting Information, two exam-
ples are given where the parameter K has been ad-
justed accordingly (K = 8.8 � 105 and K = 3.3 � 105

instead of K = 1 � 105 for the case of different bulk
solubilities and the case of different surface tensions,
respectively). However, since neither the exact value
of K nor the exact values of the surface tensions and bulk
solubilities are known, no further attempt was made to
fit the experimental data. Instead, we have investi-
gated how different the two phases have to be in order
to obtain a narrow particle size distribution of the
β-phase. Thus we have systematically varied the surface
tension and the bulk solubility and numerically calcu-
lated the temporal evolution for diffusion-limited and
reaction-limited growth until the width of the size
distribution of the β-phase had reached the minimum
value (compare with Figures 3 and 6). In Figure 7, this
minimum value of the relative standard deviation σ/Æræ
is plotted versus the ratio of the surface tension γR/γβ
and the ratio of the bulk solubilities ¥cR

eq/¥cβ
eq, respec-

tively. The figure shows again that a narrowing of the
size distribution is more pronounced under diffusion-
limited conditions thanunder reaction-limited conditions.

Figure 6. Numerical simulation of the evolution of the particle size distributions for a 99:1 mixture of R-phase and β-phase
precursor particles (reaction-limited case, ¥cR

eq = 0.5 mol/m3, ¥cβ
eq = 0.1 mol/m3, and γR = γβ = 0.05 J/m2). Top left: Mean

particle radius Æræ (solid line) and critical radius rR
cr (broken line) of the R-phase. Top right: Mean particle radius Æræ (solid line)

and the critical radius rβ
cr (broken line) of the β-phase. Bottom left: Evolution of themonomer concentration c in solution given

as supersaturation SR= c/¥cR
eq (blue line) and supersaturation Sβ= c/¥cβ

eq (green line). Bottom right: Standard deviation σ/Æræ of
the size distribution of the R-phase (blue line) and β-phase particles (green line). Vertical lines separate the four growth stages.
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The figure also shows that narrowing occurs only when
any of the two ratios is significantly larger than 1. For
NaEuF4, the latter should, in fact, be the case for the
solubility ratio ¥cR

eq/¥cβ
eq because at temperatures be-

low 800 �C the R-phase of bulk NaEuF4 is known to be
thermodynamically less stable than the β-phase.66 The
thermodynamic stability of bulk solids, however, is
mainly determined by their lattice enthalpy. As a
general rule, the solubility of solid materials decreases
with increasing lattice enthalpy, provided that the
enthalpy of solvation of the ions (released monomers
in solution) is comparable among the materials. For
two phases of the same material, the lattice enthalpies
are therefore directly connected to the bulk solubilities
since both phases release the samemonomermaterial.
A lower bulk solubility must therefore be expected for
the β-phase due to its higher lattice enthalpy. In the
case of NaEuF4, the ratio of the bulk solubilities
¥cR

eq/¥cβ
eq should therefore at least not be smaller than 1.

Whether the ratio of the surface tensions γR/γβ is
larger than 1 or not is less clear. It is noteworthy,
however, that NaEuF4 and NaGdF4 precursor particles
of the cubic R-phase can be prepared only in the
presence of a large excess of NaF.56,67 In the absence
of excess NaF, precursor particles of the hexagonal
β-phase nucleate first.43 This probably indicates that in
the absence of excess NaF the surface tension of the
β-phase is smaller than the surface tension of the
R-phase because the activation energy for nucleation
depends on the third power of the surface tension of
the phase.68 Since the Ostwald ripening of the particle
mixture takes place in blank solvent, that is, in the
absence of a large amount of excess NaF, our
growth conditions resemble those where nucleation
of β-phase particles is favored. Therefore, the ratio of

the surface tensions γR/γβ could, in fact, be larger than
1 in our case. Narrow size distributions are even
possible, however, when the ratio of the surface ten-
sions γR/γβ is slightly smaller than 1, provided that the
solubility ratio ¥cR

eq/¥cβ
eq is sufficiently large.

Finally, we note that even in the worst case of purely
reaction-limited growth the difference in solubility or
surface tension required to obtain narrow size distribu-
tions is within the range of experimentally observed
values. In the case of titanium dioxide, for instance, the
surface tension of the anatase and rutile phase is
reported to differ by a factor of 5.69 In the case of zinc
sulfide, the bulk solubility of the cubic phase is approxi-
mately 8 times higher than the solubility of the hex-
agonal phase, as derived from a difference of 10 kJ/mol
in lattice enthalpy and the Hoffman approach.70

CONCLUSION

In conclusion, our work shows that nanoparticles
with very narrow size distribution can be synthesized
by Ostwald ripening of a particle mixture containing
small particles of two different crystal phases. If the
bulk solubility or the surface tension of the two phases
is sufficiently different, an intrinsic focusing of the
particle size distribution of one phase is observed
accompanied by the dissolution of the particles of
the second phase. Narrow particle size distributions
are not only observed in the case of diffusion-limited
growth but also for reaction-limited growth. In the
case of reaction-limited growth, however, the differ-
ence in solubility and/or surface tension has to be
larger than in the diffusion-limited case. The numerical
calculations qualitatively explain the experimentally
observed narrow particle size distributions of NaEuF4
nanocrystals.

METHODS

Materials. Sodium oleate, ammonium fluoride, sodium fluor-
ide, oleic acid, and octadecene were purchased from Sigma
Aldrich and Alfa Aesar and used as received. The hydrated EuCl3
was purchased from Treibacher Industries AG.

Synthesis of Europium Oleate. Europium oleate was prepared
according to a method given in the literature.71 Therefore,

60 mmol hydrated EuCl3 (21.9 g) was dissolved in 120 mL of

ethanol and 90 mL of water. When 180 mmol of sodium oleate

(54.8 g) and 210 mL hexane were added to the clear solution, a

Figure 7. Influence of thematerial parameters of theR-phase and theβ-phase on the focusing of theβ-phase size distribution
(numerical simulation, 99:1 mixture of R-phase and β-phase precursor particles). Displayed are the minimum values of the
standard deviation σ/Æræ obtained for different ratios of the (left) bulk solubilities, ¥cReq/¥cβeq and surface tensions, γR/γβ (right),
in the simulation of diffusion- (þ) and reaction-limited (*) Ostwald ripening.
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yellowish waxy solid precipitated immediately, which dissolved
in the upper organic layer during refluxing for 14 h (at approxi-
mately 60 �C). From the cold solution, the upper organic layer,
containing the europium oleate, was separated. After removal
of the hexane with a rotavap, europium oleate remained as a
soft waxy solid.

NaEuF4 Precursor Particles of the Cubic r-Phase. The R-phase pre-
cursor particles of NaEuF4 were synthesized as in our previous
paper.56 A related procedure was published earlier by Liu et al.67

Typically, 60 mmol europium oleate (60 g) and 480 mmol
sodium fluoride (20 g) were combined with 300 mL of oleic
acid and 300 mL of octadecene. The resulting turbid solution
was degassed on a vacuum Schlenk line (1 mbar) for 1 h at
100 �C under vigorous stirring. Thereafter, the reaction mixture
was stirred at 200 �C for 60 min under nitrogen flow. The
solution remained turbid due to the excess of sparingly soluble
sodium fluoride. After being cooled to room temperature, the
excess sodium fluoride was removed by centrifugation. The
addition of an equal volume of ethanol to the clear yellowish
supernatant leads to precipitation of the precursor particles,
which could be separated by centrifugation. To purify the
particles, the precipitate was redispersed in 180 mL of hexane,
followed again by precipitation with ethanol and separation by
centrifugation. The purified precursor particles were kept in this
muddy state and stored in a refrigerator.

NaEuF4 Precursor Particles of the Hexagonal β-Phase. For the
synthesis of hexagonal phase precursor particles, 15 mmol of
europium oleate (15 g) and 37.5 mmol sodium oleate (11.5 g)
were heated in 75 mL of oleic acid and 75 mL of octadecene at
100 �C for 1 h under vacuum (1 mbar) and vigorous stirring at a
Schlenk line. Then, 60mmol of solid ammonium fluoride (2.22 g)
was added to the clear yellowish solution under nitrogen flow
and the oxygen content further reduced by cycling the setup
three times between vacuum (vacuum applied for a few
seconds only) and nitrogen atmosphere. After the reaction
mixture was heated at 200 �C for 60 min under nitrogen flow
and vigorous stirring, a clear solution was obtained from which
the nanoparticles were precipitated and purified as given above
for the cubic material.

Growth of the Final Product Particles. A 100 mL three-necked
flask with attached thermosensor and reflux condenser was
connected to a Schlenk line. In this flask, 0.063 g of hexagonal
phase and 6.342 g of cubic phase NaEuF4 precursor particles
were redispersed in 25mLof oleic acid and 25mL of octadecene
by stirring at 100 �C for 60 min under vacuum. After three
cycling steps between vacuum and nitrogen, the setup was
heated to 320 �C under vigorous stirring with a minimum
heating rate of 15 �C per minute. For monitoring the reaction,
samples of 8 mL were taken from time to time and the
nanoparticles precipitated with a 1:2 mixture of hexane/etha-
nol. The precipitates were purified as described above for the
precursor particles. Each sample was investigated by TEM and
XRDmeasurements. The amounts of precursor particles used in
the synthesis correspond to a 1:99 molar ratio of hexagonal and
cubic phase material. This ratio reproducibly leads to 15 nm
β-NaEuF4 nanoparticles. An analogous procedure employing
hexagonal and cubic phase precursor particles in a molar ratio
of 1:9 reduces the particle size of the β-NaEuF4 product to 7 nm.

Instrumentation. Transmission electron microscopy (TEM)
images were taken with a JEOL JEM 2100 transmission electron
microscope using a LaB6 cathode and an acceleration voltage of
200 kV. Size histograms of the samples were derived from TEM
images using the software ImageJ.72 For each histogram, the
size of 200 to 500 particles was analyzed. Hexagonal phase
NaEuF4 nanocrystals often form elongated or rod-shaped par-
ticles (elongation along the crystallographic c-axis) like those
displayed in Figure 1c,e. In these cases, the length and thewidth
of each particle were determined from the TEM images, and the
volumeof each particle was calculated by assuming a cylindrical
shape. The radius of a sphere with identical volume was then
calculated from this value and used for the histogram. X-ray
powder diffraction measurements were performed on an X'Pert
Pro diffractometer (Panalytical) with Bragg�Brentano geome-
try using Cu KR (λ = 1.5406 Å) radiation (40 kV, 40 mA) and a
2θ step size of 0.0334�. The instrumental resolution function

was determined with Y2O3 powder as standard. The molar
fractions of the two phases were evaluated by the Rietveld
method using the Full-Prof software (version July 2011. LLB,
Juan Rodriguez Carvajal, Saclay France).73
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